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Perfectly elastoplastic constitutive model is modiﬁed through a smoothing factor introduced by Liu [Liu, C.-S., 2003.
Smoothing elastoplastic stress–strain curves obtained by a critical modiﬁcation of conventional models. Int. J. Solids
Struct. 40, 2121–2145]. The new model allows plasticity to happen in a non-zero-measure yield volume in stress space,
rather than that of conventional zero-measure yield surface, and within the yield volume the plastic modulus is varying
continuously. It endows a speciﬁc strain-hardening rule of ﬂow stress and is able to describe the phenomena of strain
hardening, cyclic hardening, the Bauschinger eﬀect, mean-stress relaxation, strain ratcheting, out-of-phase hardening,
as well as erasure-of-memory. In order to suppress the over prediction of ratcheting we consider a scalar function of
smoothing factor, which can simulate the saturation behavior of uniaxial/multiaxial strain ratcheting. These eﬀects
are demonstrated through numerical examples. The existence of stress equilibrium point and limiting surface is a nat-
ural result without requiring an extra design. Moreover, the non-linear constitutive equations can be converted into a
linear system for augmented stress in the Minkowski space, of which the symmetry group is a proper orthochronous
Lorentz group SOo(5,1). The augmented stress is a time-like vector, moving on hyperboloids inside the cone. When
taking the Prager kinematic hardening rule into account we can simulate some cyclic behaviors of SAE 4340 and grade
60 steels within a certain accuracy through the use of only three material constants and a ﬁxed smoothing factor. To
simulate the ratcheting behaviors of SS304 stainless steel we allow the smoothing factor to be an exponential decaying
function of k.
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For its simplicity without considering the hardening eﬀect and revealing a sharp transition between elas-
tic and plastic phases, the perfectly elastoplastic model is hardly to match the requirements of modeling the
cyclic behavior, of which Dafalias (1984) has announced the following ﬁve points: (a) unsymmetric stress
cycles will cause cyclic creep in the direction of mean stress, (b) unsymmetric strain cycles will cause pro-
gressive relaxation to zero mean stress, (c) the model must predict as accurately as possible the variation of
plastic modulus during a random cyclic loading, (d) under symmetric stress or strain cycle, the material
hardens or softens towards a properly deﬁned stabilized state with only kinematic hardening, and (e) an
extensive plastic loading along almost one ﬁxed direction overwhelms and wipes out many of the past his-
tory eﬀects, if not all.
Drucker (1988) has classiﬁed the elastoplastic constitutive models into two types: conventional and
unconventional. The conventional one is based on the assumption that the interior of yield surface is an elas-
tic domain, wherein plastic deformation is not permitted no matter what stress changes occur. Conversely,
the unconventional one may allow plasticity to happen inside the yield surface. In order to diﬀerentiate these
two situations, Hashiguchi (1989) called the plastic state in which stress point lies on the conventional yield
surface a ‘‘normal-yield state’’ and the plastic state within the yield surface a ‘‘subyield state.’’
The constitutive model whose interior of the normal-yield surface is assumed to be an elastic region has
severe limitations: (a) the discontinuous stress rate and strain rate relation is predicted, which changes
abruptly when stress reaches the normal-yield surface; (b) the loading criterion requires the judgement
whether the current stress lies on the normal-yield surface or not; (c) upon yielding the consistent condition
requires the subsequent stress points being kept on the normal-yield surface; and (d) the hysteresis loop for
partial unloading–reloading, the Masing eﬀect and the strain ratcheting phenomenon cannot be described.
To remedy, various unconventional constitutive models have been proposed for simulating the cyclic behav-
ior in the past few decades. In contrast to the conventional single yield-surface plasticity theory, Mro´z (1967)
proposed a multi-surface model with an associated kinematic hardening rule. Thereafter, a simpliﬁed two-
surface model employing a normal-yield surface and only one subyield surface enclosing a purely elastic do-
main has been formulated by Dafalias and Popov (1975, 1976), Krieg (1975), Mro´z et al. (1979), Tseng and
Lee (1983) and Hashiguchi (1988). In the plural surfaces theory, there are also the inﬁnite-surface model
developed by Mro´z et al. (1981), and the subloading surface model developed by Hashiguchi (1989).
In terms of the mechanical requirements for cyclic plasticity, namely, the conditions of continuity in the
large and in the small and the Masing eﬀect, Hashiguchi (1993) has examined those models in detail. One of
these requirements needs the material model to respond plastically under a loading process even starting
immediately from a zero stress state. That is, the elastic domain is shrunk to a stress point under the loading
condition, which is however not true for most metals which being loaded from their annealed states.
As remarked by Hashiguchi (1993) only a very few models can meet these stringent requirements.
In the present paper we revisit the conventional perfectly elastoplastic model, and propose a simple but
critical modiﬁcation such that some improvements on the modeling of cyclic behavior can be achieved.
These results are however impossible for the original perfectly elastoplastic model. Although our modiﬁca-
tion is limited to perfectly elastoplastic model, this technique of modiﬁcation is considered important in
plasticity theory, when more complicated yield-surfaces and hardening mechanisms are used in the material
modeling.
The elastoplasticity of solid materials proposed by Prandtl (1924) and Reuss (1930) is formulated as the
following constitutive diﬀerential equation with switching criteria (e.g., Hong and Liu, 1997; Liu and Hong,
2000):_sþ
_k
cy
s ¼ 2G _e; ð1Þ
224 C.-S. Liu / International Journal of Solids and Structures 43 (2006) 222–253where the plastic multiplier _k is subjected to_k ¼ 1
s0y
s  _e > 0 if ksk ¼
ﬃﬃﬃ
2
p
s0y and s  _e > 0; ð2Þ
_k ¼ 0 if ksk <
ﬃﬃﬃ
2
p
s0y or s  _e 6 0; ð3Þandcy :¼
s0y
G
ð4Þ
is the shear yield strain with G > 0 and s0y > 0, respectively the shear modulus and the shear yield strength.
Here, ksk ¼ ﬃﬃﬃ2p s0y is called the yield condition as shown in Fig. 1(a), which displays schematically the set
of all allowable stress states as a closed ball in the stress space of s, consisting of an open ball of elastic states
and its boundary, a hypersphere with plastic irreversibility. ksk :¼ ﬃﬃﬃﬃﬃﬃﬃs  sp denotes the Euclidean norm of s,
and a dot between two tensors represents their inner product. The bold-faced e and s are, respectively, the
deviatoric tensors of strain and stress, both symmetric and traceless, whereas k is a scalar.
From above it is clear that _k usually jumps from a zero value in the elastic phase to a ﬁnite value in the
plastic phase determined by s  _e=s0y . This fact indeed makes the stress–strain curve integrated from Eq. (1)
with a discontinuous _k non-smooth. Unless s  _e ¼ 0 at the elastoplastic transition point, the stress–strain
curve obtained is usually not of C1 type. In Section 2 we would show its shortcomings in the modeling
of cyclic behavior, and propose a newly modiﬁed model, whose resulting stress–strain curves are gradually
becoming the C1 type almost.
Rather early, Masing (1926) proposed a hypothesis for one-dimensional hysteretic behavior of materials
by thinking it as consisting of a collection of many perfectly elastoplastic elements, all of which have the same
elastic stiﬀness but with diﬀerent yield stress levels. Later, Whiteman (1959), based on the same idea, derived
a uniaxial stress–strain relation of such a model by introducing the concept of distribution function for the
yield stress levels of perfectly elastoplastic elements. Then, Iwan (1966, 1967), who referred to such models as
the Distributed-Element-Models (DEMs), applied them to the structural dynamics and extended them into
multi-dimensional models. In a series of papers, Chiang and Beck (1994), Chiang (1997) and Chiang et al.
(2002) have given a thorough study of the related properties of DEMs and indicated that those models have a
reasonable prediction capability of metals behavior under complicated multiaxial cyclic loading conditions.
However, the numerical implementation of such a class of multi-dimensional DEMs or their ﬁnitely-discret-
ized-elements version involving the calculations of many elements response and their superposition, is quite
diﬃcult and computationally ineﬃcient. Recently, Ramrakhyani et al. (2004) have extended the same idea
together with the fractional derivative technique to the modeling of elastomeric materials.
Even, it is possible to use the multi-surface models to simulate the gradual yielding behavior of materials,
and various multi-surface models have shown their eﬀectiveness and capability in modeling the plastica b
Fig. 1. Allowable stress regions for (a) perfect elastoplasticity and (b) modiﬁed perfect elastoplasticity.
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perfect elastoplasticity and propose a modiﬁcation by introducing a smoothing factor in Section 2, where a
geometric demonstration is presented. After that, in Section 3 the understanding of the new model behavior
may be achieved through the investigations in terms of equilibrium stress point, limiting surface, smooth
yielding, strain hardening, the Bauschinger eﬀect, cyclic hardening, the erasure of memory, mean-stress
relaxation, strain ratcheting and the continuity of plastic modulus. We point out that the yield surface in
stress space for the conventional plasticity theory is really the source of the non-smoothness of its stress–
strain curves. Remarkably, a simple modiﬁcation to be done here makes a big improvement of the simulation
capability of cyclic behavior. What might be more interesting is that the new model provides a mathematical
tool for understanding the mechanisms in cyclic plasticity. Some comparisons with the two-surface model,
the inﬁnite-surface model and the subloading surface model are also made. Then, in Section 4 we convert the
non-linear constitutive equations of the new model into an augmented linear system. The mathematical nat-
ures including the underlying space of the new model, the Lie algebra, symmetry group and hardening mech-
anism are explored. For the computational purpose we also develop a group-preserving scheme. Finally, we
compare the theoretical results of the new model equipped with the Prager kinematic hardening rule with
some experimental data and draw some conclusions in Sections 5 and 6, respectively.2. A modiﬁcation of perfectly elastoplastic model
The model of plasticity is known as rate independent. The stress response depends on strain path but is
independent of strain rate. Consider two rectilinear strain paths both starting from a point e1 and ending at
another point e2 in strain space, one with rate de(t)/dt and the other one with rate de(t
0)/dt 0, where t and t 0
have a monotonic relation, i.e., dt 0/dt > 0. Multiplying Eqs. (1)–(3) by dt/dt 0 we get the same equations but
with a dependence on t merely replaced by a dependence on t 0 of e, s and k. The response s2 at the strain
point e2 are the same if in that two parameterizations the stresses have the same initial point s1. Therefore,
both t and t 0 can be equally the independent variable of plasticity equations, and it makes no distinction
between the use of t or t 0. However, for convenience, the independent variable no matter what it is will
be simply called ‘‘time’’ and given the symbol t.
In order to focus on the study of fundamental plasticity behavior we begin with perfectly plastic model
which, displaying no any hardening eﬀect, is amenable to a modiﬁcation showing a visible improvement to
reveal diﬀerent hardening mechanisms in the course of cyclic loadings. The conventional kinematic hard-
ening rule due to Prager (1956) accounting of the deformation induced directional anisotropy is not re-
quired here until Section 5, where we combine it with the modiﬁed model to simulate some experimental
results reported in the literature. On the other hand, in order to get a better description of the material cyc-
lic hardening/softening behavior we need to consider a modiﬁcation of the isotropic hardening/softening
model as that given by Liu (2003).
2.1. The motivation
A rectilinear strain path is speciﬁed by a given second-order constant deviatoric tensor c:1 toﬀ
elastopeðtÞ ¼ eðtiÞ þ cðt  tiÞ ð5Þ
during a time interval of tP ti.
Referring to Fig. 2, the distance from an admissible stress s(toﬀ) at time t = toﬀ
1 to the yield surface along
the direction c is denoted by kDsk, which can be proved to bemay be any time of an elastic phase or a time for the occurrence of a reverse unloading. Admissible stress for the perfectly
lastic model is ksk 6 ﬃﬃﬃ2p s0y as shown in Fig. 1(a).
Fig. 2. A geometric construction of the modiﬁed shear yield stress smy . h is the angle between s(toﬀ) and c.
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ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2ðs0yÞ2  ½ksðtoffÞk sinðp hÞ2
q
þ ksðtoffÞk cosðp hÞ
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2ðs0yÞ2  ksðtoffÞk2sin2h
q
 ksðtoffÞk cos h; ð6Þwhere h is the angle between s(toﬀ) and c. For the perfectly elastoplastic model the stress path starting from
a reference state s(toﬀ) needs to trace a distance kDsk to begin the yielding state. Dividing the above kDsk by
the stressing speed 2Gkck we obtain an elapsed time ton  toﬀ as shown byton ¼ toff þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2ðs0yÞ2  ksðtoffÞk2sin2h
q
 ksðtoffÞk cos h
2Gkck . ð7ÞIntegrating Eq. (1) with _k ¼ 0 from toﬀ to t gives an elastic response:
sðtÞ ¼ sðtoffÞ þ 2Gðt  toffÞc. ð8ÞSimultaneously, under the strain path (5) the plastic response can be derived in a closed-form (Hong and
Liu, 1998):sðtÞ ¼ sðtonÞ þ fC1½e
mðttonÞ  1 þ C2½1 emðttonÞgc
C1emðttonÞ þ C2emðttonÞ ; ð9Þwherem :¼
ﬃﬃﬃ
2
p kck
cy
; c :¼ 2Gc
m
¼
ﬃﬃﬃ
2
p
s0yc
kck ; ð10Þ
C1 :¼ 1
2
1þ sðtonÞ  c
mcys0y
" #
; C2 :¼ 1
2
1 sðtonÞ  c
mcys0y
" #
. ð11ÞAlthough the behavior of perfectly elastoplastic model under rectilinear strain paths has been studied
thoroughly by Hong and Liu (1998), we show three uniaxial cyclic stress–strain curves in Fig. 3 to disclose
its shortcomings. In all calculations G is ﬁxed to be 20,000 MPa and s0y to be 200 MPa. The calculations
a b c
d e f
g h i
j k l
m n o
Fig. 3. The uniaxial behavior of the perfectly elastoplastic model: (a) the time history of axial strain with constant strain amplitude, (b)
the response curve of axial stress, (c) the time history of the plastic multiplier; the results for cyclically increasing strain amplitude in
positive direction are shown in (d)–(f), and the results for piecewise increasing strain amplitude are shown in (g)–(i). The uniaxial
behavior of the new model under the same strain inputs: (j)–(l) are the response curves of axial stress, and (m)–(o) are the time histories
of the plastic multiplier.
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we use are piecewise rectilinear, and the formulae are suitable for each single rectilinear strain path with
a speciﬁed initial stress, in a practical numerical computation the global solution is obtained by piecing
together the solutions of the consecutive pieces.
Fig. 3(a)–(c) shows, respectively, the time history of axial strain e11 with constant strain amplitude, the
response curve of axial stress r11 and the time history of _k. The results for a cyclically increasing strain
228 C.-S. Liu / International Journal of Solids and Structures 43 (2006) 222–253amplitude in the positive direction are shown in Fig. 3(d)–(f), and the results for piecewisely increasing strain
amplitude are shown in Fig. 3(g)–(i). Obviously, all these stress–strain curves are too over-square at the elas-
toplastic transition points, and none of them can properly reﬂect the real behavior of metals. The corre-
sponding time histories of _k are shown, respectively, in Fig. 3(c), (f) and (i); clearly, the jump of _k from
zero value to ﬁnite value is the main reason to cause the non-smoothness of each stress–strain curve.
2.2. A new model
In order to overcome the above shortcomings of non-smoothness and over-squareness of response
curves and to reconcile the perfectly elastoplastic model to a new one which able to simulate the cyclic
behavior, instead of the constant shear yield stress s0y we propose a modiﬁed shear yield stress s
m
y , such that
_k in Eq. (1) is modiﬁed by subjecting to the new switching criteria:2 Th_k ¼ 1
s0y
s  _e > 0 if
ﬃﬃﬃ
2
p
s0y > kskP
ﬃﬃﬃ
2
p
smy and s  _e > 0; ð12Þ
_k ¼ 0 if ksk <
ﬃﬃﬃ
2
p
smy or s  _e 6 0. ð13ÞFor the original perfectly elastoplastic model if its stress path starts from a reference state s(toﬀ) it needs
to trace a distance kDsk as given by Eq. (6) to start a yielding; however, for the new model we suppose that
it starts to yield by tracing forward a much shorter distance of kDsk/q with q > 1. Hence, referring to Fig. 2
again we obtain2ðsmy Þ2 ¼ ½ksðtoffÞk sinðp hÞ2 þ
kDsk
q
 ksðtoffÞk cosðp hÞ
 2
¼ ksðtoffÞk2sin2hþ 1q2 ðq 1ÞksðtoffÞk cos hþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2ðs0yÞ2  ksðtoffÞk2sin2h
q 2
; ð14Þwhere kDsk deﬁned by Eq. (6) was inserted into the ﬁrst equality to derive the second equality. The above toﬀ
is the latest unloading time, or any time of an elastic state with a given s(toﬀ). q > 1 is a smoothing factor deter-
mined by experimental test; when q = 1, smy ¼ s0y , and we return to the original perfectly elastoplastic model.
Hereafter, we call the perfectly elastoplastic model with the above modiﬁcation the new model, and which
without considering the above modiﬁcation the original model. In the new model we really depress the ori-
ginal shear yield strength level s0y to a lower level s
m
y , and when kskP
ﬃﬃﬃ
2
p
smy we call the material yielding. It
allows plasticity occurring within a ﬁnite stress volume in
ﬃﬃﬃ
2
p
s0y > kskP
ﬃﬃﬃ
2
p
smy as schematically shown in
Fig. 1(b). The original yield surface ksk ¼ ﬃﬃﬃ2p s0y must be viewed as a limiting surface in the new theory;
see the discussions below.
Because the original model and the new model possess the same governing Eq. (1) and the same
_k ¼ s  _e=s0y , Eq. (9) with the new ton (derived in Appendix A):ton ¼ toff þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2ðs0yÞ2  ksðtoffÞk2sin2h
q
 ksðtoffÞk cos h
2qGkck ð15Þis still applicable to the new model when it is subjected to the strain path (5); however, the initial stress s(ton)
does not necessarily locate on the yield surface. Indeed we allow ksðtonÞk ¼
ﬃﬃﬃ
2
p
smy <
ﬃﬃﬃ
2
p
s0y for the new
model.2 Accordingly, we can use these equations to calculate the responses of the new model by merely
shortening the original switch-on time with a factor q.e admissible stress for the new model is ksk < ﬃﬃﬃ2p s0y .
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3.1. Characterizing the new model behavior
In the cyclic plasticity theory, various phenomena of material behavior have been characterized in order
to facilitate our description of stress–strain curves under diﬀerent loading conditions. A theoretical model is
performing well if it is able to reproduce all these phenomena of cyclic plasticity. Based on the new model
we are able to elucidate experimentally observed phenomena and eﬀects through some illustrative calcula-
tion examples.
3.2. Equilibrium stress point
It is a stress state associated with a unidirectional strain increment at which stress increment approaches
zero. The existence of equilibrium stress point for a material in its plastic state is suggested by Lamba and
Sidebottom (1978). Below we prove that the new model exists an equilibrium stress point corresponding to
each unidirectional strain path as speciﬁed by Eq. (5).
By letting t!1 in Eq. (9), it follows that
lim
t!1
sðtÞ ¼ c. ð16ÞMoreover, by means of Eqs. (12), (5) and (16) we obtainlim
t!1
_k ¼ 1
s0y
lim
t!1
s  c ¼
ﬃﬃﬃ
2
p
kck. ð17ÞTaking the limit in both the sides of Eq. (1) and substituting Eqs. (16) and (17) into the resultant lead tolim
t!1
_sðtÞ ¼ 2G lim
t!1
_eðtÞ  1
2s0y
_kðtÞsðtÞ
" #
¼ 0. ð18ÞObviously, c is an equilibrium stress point.
For the new model subject to the strain path (5), the equilibrium stress point c is asymptotic stable and
all the orbits in stress space approach to it. We ﬁrst substitute Eq. (12) for _k and the diﬀerential of Eq. (5)
for _e into the inner product of s with Eq. (1) to obtaindksk2
dt
¼ 4Gs  c 1 ksk
2
2ðs0yÞ2
 !
. ð19ÞUnder the strain path (5) the new model responds always in the plastic phase once the yielding occurs,
and hence s Æc > 0 holds for all t > ton. For any admissible initial stress with ksðtonÞk2 < 2ðs0yÞ2 and under the
condition of s Æc > 0 it is obvious that ks(t)k2 gradually increases with time t; however, when ks(t)k2 is very
close to the value of 2ðs0yÞ2, the increasing rate of ks(t)k2 tends to zero, and hence s(t) approaches to the
stress equilibrium point c asymptotically.
3.2.1. Limiting surface
It has been experimentally observed that for the cyclically stabilized materials, the stress state can never
go beyond a region bounded by a limiting surface in the corresponding stress space. For demonstrating this
concept, let us substitute Eq. (12) for _k into Eq. (1),_sþ s  _e
cys0y
s ¼ 2G _e; ð20Þ
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dt
¼ 4Gs  _e 1 ksk
2
2ðs0yÞ2
 !
. ð21ÞA setS in R5 is said to be an invariant set of Eq. (20) if, for any point p 2S the solution curve through p
belongs to S for t 2 (1,1); see, e.g., Hale (1969). In view of Eq. (21) it is obvious that
S :¼ fs j ksk ¼ ﬃﬃﬃ2p s0yg is an invariant set of Eq. (20). If the initial condition is ksðtiÞk < ﬃﬃﬃ2p s0y , it is always
ksðtÞk < ﬃﬃﬃ2p s0y for all t > ti. However, for the initial condition of ksðtiÞk ¼ ﬃﬃﬃ2p s0y , ksðtÞk ¼ ﬃﬃﬃ2p s0y remains true
for all t > ti; and for the initial condition of ksðtiÞk >
ﬃﬃﬃ
2
p
s0y , it is always ksðtÞk >
ﬃﬃﬃ
2
p
s0y for all t > ti. Thus, the
three sets of ksðtÞk < ﬃﬃﬃ2p s0y , ksðtÞk ¼ ﬃﬃﬃ2p s0y and ksðtÞk > ﬃﬃﬃ2p s0y are disconnected. However, the stress states of
the last two cases are excluded by the new model. The state ksðtÞk ¼ ﬃﬃﬃ2p s0y is the x-limit set for arbitrary
initial conditions under the condition of s  _e > 0, and the a-limit set for arbitrary initial conditions under
the condition of s  _e < 0. This invariant set together with the diﬀerential Eq. (20) really characterizes the
global property of the new model.
According to the above discussions, the limiting surface is simply the set of all equilibrium stress points,
each of which corresponds to a unidirectional strain path. Even ksk ¼ ﬃﬃﬃ2p s0y is called the yield surface in the
original plasticity theory; however, it should be deemed as a limiting surface in the new plasticity theory.
Here, we allow plasticity to happen in a non-zero-measure volume characterized by
ﬃﬃﬃ
2
p
s0y > kskP
ﬃﬃﬃ
2
p
smy
in stress space, rather than the usual zero-measure surface ksk ¼ ﬃﬃﬃ2p s0y for the original plasticity theory.
Previously, it was shown by Chiang and Beck (1994) and Hong and Liu (1998) that there exists an equi-
librium stress point corresponding to each unidirectional strain path for the behavior of perfectly elasto-
plastic material, and by Chiang and Beck (1994) for the behavior of DEM. The conditions for the
existence of limit points have also been studied by Ottosen and Ristinmaa (1996) for the corner plasticity.
For the von Mises type mixed-hardening model, Liu (2004) also proved the asymptotic stability of limit
point by the Lyapunovs direct method. For its importance, Chiang (1998) has demonstrated that the prop-
erty of the existence of limit points may be viewed as a necessary condition for any model in cyclic plasticity
to exhibit physically consistent and cyclically stabilized behavior.
Now, we are in a good position to explore the concept of limiting surface and concentric yield surfaces
by considering a two-dimensional deviatoric problem under the deviatoric square strain path as shown in
Fig. 4(a), which starts from point a and ends at point e = a again after one cycle. Under this path the devi-
atoric stress path is plotted in Fig. 4(b) and there have one limiting surface, and four yield points as re-
marked by 1, 2, 3, 4 located in four diﬀerent concentric yield surfaces with four diﬀerent radii of smy
determined by Eq. (14). When the strain path traces along the ﬁrst segement ab, the stress path starts from
an elastic phase in the segement a1, and then makes an excursion on the plastic phase in the segement 1b.
When the strain path turns to the second segement bc, there ﬁrst occurs an unloading and continues to be in
the elastic phase in the segement b2, and then in the segement 2c the material is switched-on to a plastic
phase. When the strain path turns to the third segement cd, there ﬁrst occurs an unloading such that in
the segement c3 the material is in the elastic phase, and then in the segement 3d the material is in the plastic
phase. When the strain path turns to the fourth segement de, there ﬁrst occurs an unloading such that in the
segement d4 the material is in the elastic phase, and then in the segement 4e the material is in the plastic
phase. The stress path is located in the region within the limiting surface, and may approach to the limiting
surface, for example, the path 2c.3.2.2. Smooth yielding
For most metals the transition from an elastic state to a plastic state is gradual, due to successive yielding
of the individual crystal grain. When q = 1 it leads to a stress–strain curve that a ﬂat yield line follows
an inclined line. In the range of 1 < q 6 2, a larger q leads to a more smooth elastoplastic transition and
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Fig. 4. Under square strain path in (a) the corresponding stress path of the new model is shown in (b).
C.-S. Liu / International Journal of Solids and Structures 43 (2006) 222–253 231a larger strain hardening. Now we return to Fig. 3(j)–(o) again, which show the responses of the new model
under the same strain inputs as that given, respectively, in Fig. 3(a), (d) and (g). Through this modiﬁcation
it can be appreciated that _k is varying smoothly from the zero value in elastic phase to the positive value in
plastic phase as shown, respectively, in Fig. 3(m)–(o). The corresponding stress–strain curves as shown,
respectively, in Fig. 3(j)–(l) reveal that the transitions from elasticity to plasticity are smooth. Fig. 5(a) dis-
plays a stress–strain curve of the new model under the strain cycles with increasing amplitude, where
s0y ¼ 400 MPa and q = 2 were used. For a demonstration, the time history of the modiﬁed shear yield
strength smy is also plotted in Fig. 5(b). It can be seen that s
m
y almost tends to zero value after the ﬁrst
few cycles. This largely depresses the amplitude of stress required to a further plastic deformation, makes
_k ¼ s  _e=s0y very small at the elastoplastic transition points, and hence renders the stress–strain curve almost
being C1 smooth. Thus, the above mentioned micro-structural yielding behavior is properly reﬂected by the
new model.
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Fig. 5. The uniaxial behavior of the new model under cyclically increasing strain amplitude: (a) the response curve of axial stress and
(b) the time history of modiﬁed shear yield stress.
232 C.-S. Liu / International Journal of Solids and Structures 43 (2006) 222–2533.2.3. Strain hardening3
Beyond the yield point, stress continually increases with further plastic strain, while the slope of stress–
strain curve, representing the rate of strain hardening, steadily decreases with increasing stress. While the
stress–strain curve corresponding to q = 1 for the original model gives no strain hardening, the new model
gives a larger strain hardening for a larger q in the range of 1 < q 6 2, and when strain increases the strain
hardening rate steadily decreases and each stress–strain curve tends to its limiting stress s0y (Liu, 2003).
Within the context of the new model, the strain hardening comes from the diﬀerence between the initial
shear yield strength characterized by s0y=q and the limiting shear strength characterized by s
0
y , and also
the existence of a limiting surface as discussed above.3 In Section 4 we will prove that the new model has a natural strain-hardening law as shown in Eq. (45).
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The yield stress of a specimen in one direction is appreciably smaller in magnitude than that in the oppo-
site direction along which the specimen was loaded. This well-known Bauschinger eﬀect occurs in real met-
als whenever there is a reversal of stress. In Fig. 6, we compare the one-cycle stress–strain curves for the
original model and the new model, where s0y ¼ 300 MPa and q = 1.5 were used. Both curves yield initially
at the same stress about 346.4 MPa; however, as expected the Bauschinger eﬀect does not appear for the
original model, but for the new model the reverse yielding occurs at about 163.3 MPa, whose magnitude
is far less than 346.4 MPa, and exhibits the Bauschinger eﬀect.4
3.2.5. Cyclic hardening
It is experimentally observed that the hysteresis loop stabilizes after a few cycles of loading. The satura-
tion stress depends on strain amplitude. If the strain amplitude is increased after the stabilization is
achieved, the material shows a further hardening until a new stabilization takes place with an increased sat-
uration stress. Such eﬀect on materials is usually called the cyclic hardening (Haupt and Kamlah, 1995;
Ristinmaa, 1995).
For the original model no cyclic hardening can be seen in its stress–strain curves as shown in Figs. 3(b),
(e), (h) and 6 for diﬀerent cyclic loading conditions. However, the stress–strain curve of the new model
hardens from about 484.4 MPa to about 504.8 MPa after one cycle as shown in Fig. 6. The cyclic hardening
phenomenon is also displayed in Fig. 5(a) for a more complicated loading condition. The cyclic hardening
is obvious at the ﬁrst few cycles, and steadily decreases with increasing amplitude of strain cycles.
3.2.6. Erasure of memory
It is well recognized that material always has a certain memory of the history of plastic deformation it
experienced. However, under some circumstances the plastic response may become independent of its pre-
vious deformation history. This property has been observed in real materials and referred to as the property
of erasure-of-memory (Lamba and Sidebottom, 1978; Dafalias, 1984).
From Eq. (14) it can be seen that smy has a memory of the latest reversal stress point s(toﬀ). In Fig. 7, we
show a stress–strain curve with s0y ¼ 200 MPa and q = 1.5. The monotonic loading curve of the original
model is the boundary of all other unloading–reloading curves of the new model, and is an invariant curve
as demonstrated above. The loading–unloading–reloading curve, which interrupts by an elastic unloading–
reloading piece, will eventually approach to the monotonic loading curve if there has an enough loading
time as shown in Fig. 7. Obviously, this property of erasure-of-memory follows from the existence of equi-
librium stress point associated with the new model. More explicitly speaking, for each big strain loading the
existence of equilibrium stress point brings the material back to that stress state regardless of the previous
response history.
In the calculation of the elastic unloading–reloading curve of AB in Fig. 7, we need to deﬁne a new yield
stress level at point A denoted by sAy ¼ ksAk=
ﬃﬃﬃ
2
p
. When an elastic loading starts from point B, the switch-on
time is calculated by Eq. (7) but with s0y replaced by s
A
y . Doing so the stress path will trace along BA and
yield at point A again to continue the plastic loading curve. In this elastic unloading–reloading case the
smoothing factor is taken to be q = 1; otherwise, we may obtain an incorrect ‘‘open hysteresis’’ loop.
3.2.7. Mean-stress relaxation
Under unsymmetric strain cycles it is experimentally observed that the mean stress of materials is grad-
ually relaxed to zero. In Fig. 8, where s0y ¼ 400 MPa and q = 2 were used, we subject the new model to the4 Dafalias (1984) has experimentally observed that the reverse yielding occurs before even the tensile stress changes to compressive
for grade 60 steel. To model such a strong Bauschinger eﬀect of material we may need to consider kinematic hardening in the new
model (see Section 5).
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Fig. 8(a), and the stress–strain curve is shown in Fig. 8(b), from which we can see that the new model is able
to properly reﬂect the relaxation of mean stress. On the other hand, let us compare Fig. 3(e) and (k) again,
both subject to the same unsymmetric strain cycles as shown in Fig. 3(d). As can be seen from Fig. 3(e), the
stress–strain curve of the original model does not reveal any mean-stress relaxation; conversely, the stress–
strain curve of the new model exhibits a mean-stress relaxation as shown in Fig. 3(k).
3.2.8. Strain ratcheting
Substituting Eq. (12) for _k into Eq. (1) we get_s ¼ 2G I s s
2ðs0yÞ2
" #
_e; ð22Þwhere I is a fourth-order identity tensor and  denotes the tensor product. Taking the inverse of the above
equation, we obtain_e ¼ 1
2G
Iþ s s
2ðs0yÞ2  ksk2
" #
_s. ð23ÞHowever, for the original model the above inverse is not permitted, because the normal-yield condition
of ksk2 ¼ 2ðs0yÞ2 will make the fourth-order elastoplastic modulus tensor singular (Liu, 2000). Therefore, the
original model does not allow stress control, and a material model of this sort is instability in the sense of
Drucker (1959). Conversely, the new model allows stress control in the range of ksk2 < 2ðs0yÞ2, which can be
applied to the modeling of strain ratcheting behavior. The elastoplastic modulus tensor for the new model is
positive deﬁnite, and hence is stable in the sense of Drucker (1959).
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tion of mean stress, also called strain ratcheting behavior. In Fig. 9, we show the uniaxial cyclic stress–strain
curves for diﬀerent initial pre-stresses of r11 but with s0y ¼ 400 MPa and q = 2 being kept constant for all
cases. It shows that the new model is able to reveal the strain ratcheting behavior; furthermore, it is ob-
served that the symmetric stress cycles with a zero mean stress gives no strain ratcheting as shown in
Fig. 9(a) and (b), and a larger mean-stress leads to a larger strain ratcheting as shown in Fig. 9(c)–(h).
The above results are calculated by integrating Eq. (23) of the plastic phase together with the elastic
phase equation _e ¼ _s=ð2GÞ under the stress control of s(t). By considering a rectilinear stress path speciﬁed
by _s ¼ C with C a constant deviatoric tensor, the integration of Eq. (23) leads toeðtÞ ¼ eðtonÞ þ BC
8GA
 sðtonÞ
4G
 
ln
Aðt  tonÞ2 þ Bðt  tonÞ þ C
C
 C
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
B2  4AC
p
8GA
 ln ½2Aðt  tonÞ þ B
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
B2  4AC
p
½Bþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
B2  4AC
p

½2Aðt  tonÞ þ B
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
B2  4AC
p
½B
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
B2  4AC
p

; ð24ÞwhereA :¼ kCk2; B :¼ 2sðtonÞ  C; C :¼ ksðtonÞk2  2ðs0yÞ2. ð25Þ
Similarly, the same strategy of shortening the switch-on time ton by a factor q is applied for this control
case.
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Fig. 8. Mean-stress relaxation of the new model under the unsymmetric strain cycles: (a) time history of axial stress and (b) stress–
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236 C.-S. Liu / International Journal of Solids and Structures 43 (2006) 222–253The experimental uniaxial/multiaxial ratcheting tests of metals were carried out by many researchers (for
example, Jiang and Sehitoglu, 1994a,b; Delobelle et al., 1995; McDowell, 1995; Mizuno et al., 2000; Kang
et al., 2002a,b; Kang and Gao, 2002; and references therein). A major observation of the ratcheting behav-
ior for most metals is the ratcheting rate decreasing cyclically and then stopping.
The new model was modiﬁed merely from a simple perfectly elastoplastic model, which even was able to
simulate the strain ratcheting and mean stress relaxation phenomena as discussed above, it over predicts
these two behaviors. In fact Fig. 7 shows the weakness of this model, namely that upon unloading, partial
reverse loading and reloading in the initial direction, a strong undershooting of the initial plastic loading
curve takes place. This usually leads to an excessively large ratcheting eﬀect as shown in Fig. 9, or a large
mean-stress relaxation as shown in Fig. 8. How to remedy these drawbacks becomes an important issue for
the new model. For this we turn our attention to the smoothing factor which plays an important role in the
modiﬁcation, and about which we should note that a smaller q is, a more close to the original perfectly
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fect. On the other hand, a larger q is, a more profound ratcheting eﬀect reveals. In order to suppress the
ratcheting and relaxation eﬀects, and get a trade-oﬀ between these two tendencies we may decrease the
value of q from a larger value q2 to a smaller value q1 by letting (Liu and Chang, 2005)qðkÞ ¼ q1 þ ðq2  q1Þ expðkkÞ; 1 6 q1 6 q2 6 2. ð26Þ
Instead of the constant q used in the above simulations as shown in Figs. 8 and 9, we supposed that the
smoothing factor q is a scalar function of k, which is calculated bykðtÞ ¼ kðtonÞ þ
s0y
2G
ln
2ðs0yÞ2  ksðtonÞk2
2ðs0yÞ2  ksðtÞk2
ð27Þ
238 C.-S. Liu / International Journal of Solids and Structures 43 (2006) 222–253under a stress control. In Fig. 10(a), the uniaxial ratchetings under a mean stress of 50 MPa and a stress
amplitude of 300 MPa are compared by ﬁxing q = 2 (dashed line) and by employing a scalar function
for q with q1 = 1, q2 = 2 and k = 50 in Eq. (26). The latter result is shown by a solid line, which can be
seen that the ratcheting rate decreases cyclically and the ratcheting stops almost at the 10th cycle. The total
ratcheting strain is about one-half of the former one that used q = 2. To simulate the biaxial ratcheting, the
stress loading condition is a constant shear stress r12 = 50 MPa combined with an unsymmetrical axial
stress r11 cycling with a mean stress of 50 MPa and stress amplitude of 300 MPa. The calculations show
that the biaxial ratcheting takes place not only in the torsional direction but also in the axial direction
due to the constant shear stress and a non-zero mean axial stress. However, the case with a ﬁxed q = 2
(dashed line) leads to constant ratcheting rates in that two directions and usually over predicts the ratchet-
ing strains. By using the same strategy as above we obtain a more reasonable biaxial ratcheting simulated
result as shown by the solid line in Fig. 10(b).
By adjusting the three constants of q1, q2 and k in Eq. (26) we may observe diﬀerent ratcheting behaviors.
Although the replacement of a constant q by a scalar function q may increase a little of computational-0.01 0.00 0.01 0.02
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Fig. 10. By employing a scalar function for the smoothing factor in the new model renders a more eﬀective simulation of (a) uniaxial
and (b) biaxial ratcheting behaviors under the unsymmetric stress loadings.
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ening variables in the formulation. The description of ratcheting in terms of constitutive equations is usually
related to the kinematic hardening mechanism. Several experimental and numerical studies on metals have
shown the inability of the classical kinematic hardening rules to describe the main ratcheting phenomenon.
However, a correct simulation of ratcheting phenomena is still one of the most diﬃcult problems, and there
are more accurate and realistic but complex constitutive models that allow to simulate the ratcheting more
appropriately (for example, Chaboche, 1991, 1994; Voyiadjis and Sivakumar, 1991, 1994; Hassan and
Kyriakides, 1992; Ohno and Wang, 1993, 1994; Jiang and Sehitoglu, 1994a,b; Delobelle et al., 1995; Corona
et al., 1996; Xia and Ellyin, 1997; Chaboche and Jung, 1998; Taheri and Lorentz, 1999; Abdel-Karim and
Ohno, 2000; Ohno and Abdel-Karim, 2000; Portier et al., 2000; Bari and Hassan, 2001, 2002). The above
lists just reﬂect an active studying issue of the ratcheting behavior, and the improvements are still in progress.
3.2.9. Continuous plastic modulus
Recalling the decomposition of _e ¼ _ee þ _ep and the elastic relation of _ee ¼ _s=ð2GÞ, and noting the posi-
tive deﬁniteness of s  s in the plastic phase, from Eq. (23) it follows that
_s ¼ 2G½2ðs0yÞ2  ksk2ðs sÞ1 _ep. ð28ÞThe fourth-order tensor 2G½2ðs0yÞ2  ksk2ðs sÞ1 is the plastic modulus tensor of the new model.
In terms of the unit tensor n :¼ s/ksk the plastic strain is determined by the ﬂow rule:_ep ¼ 1
Kp
ðn  _sÞn ð29ÞwithKp ¼
2G½2ðs0yÞ2  ksk2
ksk2 ð30Þa scalar plastic modulus, which varies continuously in the following range:0 < Kp 6
2G½2ðs0yÞ2  2ðsmy Þ2
2ðsmy Þ2
. ð31ÞIn terms of the ratio of R :¼ ksk=ð ﬃﬃﬃ2p s0yÞ, we can rewrite Eq. (30) to
Kp ¼ 2Gð1 R
2Þ
R2
. ð32ÞThis equation indicates that the scalar plastic modulus approaches zero when stress tends to limiting sur-
face, and that the scalar plastic modulus approaches inﬁnity when yielding happens for a zero stress.
3.3. Comments on the new model and others
The use of smy in the new model reﬂects a discrete memory of the most recent unloading–reloading event.
However, smy has to be updated according to Eq. (14) when each time a change in the loading direction occurs.
Unlike the multi-surface model of Mro´z (1967), whose predicted stress–strain curve is piecewise linear
because of the ﬁeld of constant plastic moduli and to produce a smooth non-linear curve which requires
a large number of nesting subyield surfaces, our model gives a smooth stress–strain curve due to the con-
tinuous variation of the plastic modulus tensor. On the other hand, the Mro´z model gives no ratcheting at
all and cannot describe the mean stress relaxation; refer the comments by Ristinmaa (1995), McDowell
(1995), Jiang and Sehitoglu (1996) and Bari and Hassan (2000).
240 C.-S. Liu / International Journal of Solids and Structures 43 (2006) 222–253What it appears to be peculiar of the new model is that when an unloading occurs, the stress point at
unloading is kept in memory as a new reference point from which the new elastic range is constructed
through a smoothing factor speciﬁed. We should stress that this elastic range is not centered at the unload-
ing point, but it is biased towards the new direction of loading. A somewhat similar concept has been used
by Mro´z et al. (1981) and Klisin´ski and Mro´z (1988) to an inﬁnite number of nesting surfaces model, where
the ratio of the size of a current loading surface, eccentrically placed with respect to the latest unloading
point, to the size of the normal-yield surface, plays the role of an interpolation factor, and then the plastic
modulus is a function of this ratio and the plastic hardening modulus at the conjugate point on the normal-
yield surface. This model requires to memorize the normal-yield surface, active loading surface as well as
many stress reversal surfaces. Therefore, the numerical computation is not always simple. Furthermore, as
noted by Hashiguchi (1993) the inﬁnite surface model may have singular plastic moduli ﬁeld, leading to
excessively large hysteresis loop and an incapability of describing the strain ratcheting.
The mathematical features of the two-surface model proposed by Dafalias and Popov (1975) are two-
fold. A single subyield surface enclosing a purely elastic domain is assumed within the normal-yield surface,
which translates in a loading process, keeping a similarity to each other and a ratio of similarity to be con-
stant. The plastic modulus is then given by a monotonically increasing function of the distance from a cur-
rent loading stress point on the subyield surface to a conjugate point on the normal-yield surface. At these
two points the two surfaces have the same outward normal. The two-surface model can satisfy all the ﬁve
requirements listed in Section 1. One of the disadvantages of this model is that it needs a signiﬁcant memory
capability for updating the procedures in computations. Chaboche (1986) has pointed out its inconsistency
in the uniaxial loading–unloading–reloading situations where plastic ﬂow is very small during reloading.
This leads to an overshooting of the subsequent tensile curve. In addition, this model also predicts exces-
sively small or open hysteresis loop so that leads to an extremely strong ratcheting eﬀect.
The subloading surface model proposed and reﬁned by Hashiguchi (1989) assumed that the subloading
surface expands or contracts passing always through a current stress point no matter in loading or in unload-
ing states and retaining a geometrical similarity to the normal-yield surface, and is the description of a plastic
modulus by the ratio of the size of the subloading surface to that of the normal-yield surface. This model does
not exist elastic domain and the plastic modulus changes continuously. Elasticity only happens for the
unloading case. In addition to the memorization of normal-yield surface and subloading surface this model
requires to formulate the evolution equations for the similarity center and for the other two centers of nor-
mal-yield surface and subloading surface. Even this model does not require the judgement whether a stress
lies on the yield surface or not, it requires a lot of computations to trace the evolutions of these surfaces.
From the above discussions it is clear that the new model is diﬀerent from the two-surface model, the
inﬁnite-surface model and the subloading surface model. The basic idea in the new model is allowing plas-
ticity to happen inside the normal-yield surface, and the method is to shorten the switch-on time by a factor
q > 1. Its formulations are simpler than the above mentioned unconventional models, and its numerical
implementation is more easy without memorizing the evolution of any surface. The existence of a limiting
surface is a natural result without specifying any evolution rule on it.4. A natural strain-hardening mechanism of the new model
4.1. The underlying space of the new model
Sometimes we may need to calculate the responses under a more general strain path for the sake of
model simulation or experimental identiﬁcation. For this purpose the following linear representation of
the ﬂow model is very useful (Hong and Liu, 1997, 2000):_X ¼ AX; ð33Þ
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s
X 0
 
:¼ X
0
s0y
a1s11 þ a2s22
a3s11 þ a4s22
s23
s13
s12
s0y
2
6666666664
3
7777777775
ð34Þis the augmented stress,X 0 :¼ exp k
cy
 !
ð35Þis the integrating factor of Eq. (1), anda1 :¼ sin uþ p
3
 
; a2 :¼ sinu; a3 :¼ cos uþ p
3
 
; a4 :¼ cosu ð36Þwith u being any real number. The system matrix A is subjected to the following switch criteria for plastic
and elastic phases:A ¼ 055 A
s
0
A0s 0
 
if 0 > XTgXP
smy
s0y
 !2
 1
2
4
3
5 and d
dt
ðXsÞTXs
h i
> 0; ð37Þ
A ¼ 055 A
s
0
015 0
 
if XTgX <
smy
s0y
 !2
 1
2
4
3
5 or d
dt
ðXsÞTXs
h i
6 0; ð38Þin whichAs0 :¼
2
cy
a1 _e11 þ a2 _e22
a3 _e11 þ a4 _e22
_e23
_e13
_e12
2
6666664
3
7777775
; ð39Þ
A0s ¼ ðAs0ÞT; ð40Þ
andg ¼ I5 051
015 1
 
ð41Þa Minkowski metric tensor.
The space X endowed with the metric tensor g is usually called the Minkowski spacetime (Liu, 2001). For
the original model in the plastic phase its augmented stress vector is a null vector on the cone
{XjXTgX = 0}. However, for the new model in the plastic phase the augmented stress vector is a time-like
vector inside the cone, i.e., {XjXTgX < 0}, as can be seen from Eq. (37). In Fig. 11, we show the underlying
spaces for the original model and for the new model in the three-dimensional space of (X1,X2,X0). The
underlying space for the original model is a truncated cone, and the underlying space for the new model
is truncated hyperboloids. In each plastic loading case the augmented stress orbit may lie on diﬀerent
hyperboloids.
Fig. 11. The two geometric sets of XTgX = r and X 0P 1. Depending on the value of r the set is one of truncated hyperboloid of two
sheets or truncated cone. The truncated plane is taken at X 0 = 1.
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m
y
s0y
 !2
 1
2
4
3
5 < 0 ð42Þis an invariant set of Eq. (33) for each plastic phase (Hong and Liu, 1999). Taking the time derivative of
XTgX and substituting Eq. (33) for _X and then noting thatATgþ gA ¼ 0 ð43Þ
by Eq. (37), we obtaind
dt
½XTgX ¼ 0; ð44Þwhich means that XTgX is a constant during the plastic phase, and hence Eq. (42) holds for each plastic
phase until an unloading occurs. On the other hand, from Eq. (43) we know that A is a Lie algebra of
the proper orthochronous Lorentz group, which together with Eqs. (42), (34), (41) and (35) lead to the fol-
lowing important result:ksk2 ¼ 2ðs0yÞ2 þ 2ðsmy Þ2  2ðs0yÞ2
h i
exp
2k
cy
 !
. ð45ÞMathematically speaking, the new model has a natural strain-hardening law, and Eq. (45) is the unique
strain-hardening law that admits a Minkowski spacetime structure on the augmented stress X, on which the
proper orthochronous Lorentz group left acts.
The above result is rather signiﬁcant, which says that for the new model in each plastic phase it can
harden from an initial shear yield strength of smy to a saturated shear strength of s
0
y with a hardening rate
of 2/cy. Very interestingly, the new model possesses a natural hardening mechanism speciﬁed by Eq. (45).
This is however impossible for the original model, of which the hardening term as given by ½2ðsmy Þ2  2ðs0yÞ2
expð2k=cyÞ disappears. Especially, the new model still exhibits an internal symmetry group of SOo(5,1) as
the original model has (Hong and Liu, 1999, 2000).
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To obtain s the calculation of X is suﬃcient in view of Eq. (34), and we do not need to carry the more
complex numerical solutions of Eqs. (1), (12) and (13). Because A as shown in Eq. (37) is time-dependent,
the closed-form solution of X is usually not available. However, the group property as the new model has
may help us to devise a very eﬃcient and accurate numerical scheme as follows.
Now let us consider a general strain path e(t), and we want to ﬁnd the responses of the new model. To
devise a numerical scheme for the time-marching integration, let us denote the time increment by Dt and
develop a mapping to update s(t) to the next time step s(t + Dt). We may approximate a general strain path
by many piecewise rectilinear strain paths as follows:eðt þ DtÞ ¼ eðtÞ þ _eðtÞDt.For each _eðtÞ we map it to the corresponding As0ðtÞ via Eq. (39), and then calculate exp[A(t)Dt] in order to
calculate X(t + Dt) from X(t). It can be determined exactly (see, e.g., Hong and Liu, 2000), such that a
numerical scheme for the plastic phase can be derived as follows:Xðt þ DtÞ ¼ Gðt þ DtÞG1ðtÞXðtÞ; ð46ÞwhereGðt þ DtÞG1ðtÞ ¼
I5 þ a 1kAs0ðtÞk2
As0ðtÞA0s ðtÞ
bAs0ðtÞ
kAs0ðtÞk
bA0s ðtÞ
kAs0ðtÞk
a
2
6664
3
7775; ð47Þin whicha :¼ coshðDtkAs0ðtÞkÞ; b :¼ sinhðDtkAs0ðtÞkÞ. ð48ÞUpon knowing X(t + Dt) we can uses11
s22
s23
s13
s12
2
6666664
3
7777775
¼
a4 a2
a3 a1
023
032
ﬃﬃ
3
p
2
I3
2
64
3
75 2s0yﬃﬃﬃ
3
p
X 0
Xs ð49Þto calculate the deviatoric stress tensor of s(t + Dt).
In order to smooth the response curves we need to calculate the switching-on time for the general strain
path. Substituting the elastic equationsðtÞ ¼ sðtoffÞ þ 2G½eðtÞ  eðtoffÞ ð50Þinto the yield condition ksðtÞk2 ¼ 2ðs0yÞ2 generates usually a non-linear equation for t as follows:ksðtoffÞk2 þ 4GsðtoffÞ  ½eðtÞ  eðtoffÞ þ 4G2keðtÞ  eðtoffÞk2  2ðs0yÞ2 ¼ 0. ð51Þ
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timeFig. 12
same aton ¼ toff þ t
0
on  toff
q
. ð52ÞAfter this time the new model is in the plastic phase, and the numerical scheme (46) is used to calculate
the response until an unloading occurs. Even for calculating the responses under a general strain path the
numerical implementation of the new model is still rather straightforward and highly eﬃcient. Below we
give an numerical example to display the out-of-phase hardening eﬀect of the new model under a non-
proportional two-dimensional strain path.-0.01 0.00 0.01
ε11
-0.01
0.00
0.01
ε
12
-300
0
300
σ
12
(M
Pa
)
-500 0 500
σ11 (MPa)
a
b
. Displaying an out-of-phase hardening of the new model: (a) proportional and non-proportional circular strain paths with the
mplitude and (b) corresponding stress paths.
C.-S. Liu / International Journal of Solids and Structures 43 (2006) 222–253 2454.2.1. Out-of-phase hardening
By using the above scheme we can calculate the responses of the new model under a proportional strain
path and a 90 out-of-phase strain path with the same amplitude as shown in Fig. 12(a), where
s0y ¼ 300 MPa and q = 2 were used. During the multiaxial cyclic loading, materials generally show signif-
icantly a higher stress level than in the proportional deformation loading. The out-of-phase hardening as
shown in Fig. 12(b) is enhanced by the out-of-phase strain path.5. Comparisons with experimental data
As indicated in Fig. 6 the new model can describe a little of the Bauschinger eﬀect; however, in order to
enhance the simulation capability it needs the model being able to describe the kinematic hardening more
closely. In many metals subjected to cyclic loadings, it is experimentally observed that the center of yield
surface experiences a large motion in the direction of plastic ﬂow. This hardening behavior is known as
the Bauschinger eﬀect.
A simple phenomenological description that captures the Bauschinger eﬀect is constructed by introduc-
ing an additional internal tensorial variable of sb called the back stress, which deﬁnes the current center of
the yield surface and is supposed to be governed by Prager (1956) kinematic hardening rule:_sb ¼ 2k0 _ep; ð53Þ
where the material constant k 0 is the kinematic modulus in shear deformation. The relative stress sa is
deﬁned as the diﬀerence of stress and back stress:sa ¼ s sb. ð54Þ
The above two equations together with the elastic equation _s ¼ 2G½ _e _ep lead to_sb ¼ 2Gk
0
Gþ k0 _e
k0
Gþ k0 _sa; ð55Þintegrating which we obtainsbðtÞ ¼ sbðtonÞ þ 2Gk
0
Gþ k0 ½eðtÞ  eðtonÞ þ
k0
Gþ k0 ½saðtonÞ  saðtÞ. ð56ÞThis equation is suitably to simulate the material behavior under a strain-controlled test. sa is now replaced
the role of s in Sections 2–4 and is calculated by Eq. (9), whereas ton is calculated by Eq. (15). In that two
equations s is replaced by sa. When the Prager model is under the stress control we derive the strain equa-
tion in Appendix B.
After that we can use the new model together with the Prager kinematic hardening rule to simulate the
experimental results reported in the literature. Shiao (2000) has conducted a series of cyclic strain loading
experiments of SAE 4340 steel including two tests of constant strain amplitude of 1.5% with the means of
zero and 1.5% and a test with increasing amplitude and mean, the amplitudes of which start from 0.6% to
6% by adding 0.6% per cycle and with 0.6% ﬁxed in the compression direction. The results of response
predictions using the above modiﬁed new model with the Prager kinematic hardening are shown, respec-
tively, in Fig. 13(a)–(c). In the simulations the model parameters used were G = 75,000 MPa,
s0y ¼ 460 MPa, k 0 = 2000 MPa and q = 2. It is immediately recognized that the cyclic response curves
described by the new model are in good agreement with the experimental results; however, in order to sim-
ulate the experimental cyclic hardening/softening results more closely we need to consider the isotropic
hardening/softening into the new model as that discussed by Liu (2003).
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Fig. 13. The simulation of SAE 4340 steel under diﬀerent axial cyclic strains.
246 C.-S. Liu / International Journal of Solids and Structures 43 (2006) 222–253As mentioned in Section 2, Dafalias (1984) has observed a strong Bauschinger eﬀect for grade 60 steel.
Under a random cyclic strain as shown in Fig. 14(a), which is the strain history we use in our calculation,
Dafalias and Popov (1976) and Dafalias (1984) have given a very detailed description of the experimental
results as shown by the solid curve in Fig. 14(b), where we are also plotted our simulation by the dashed
line. In this simulation the model parameters used were G = 13,000 ksi, s0y ¼ 35 ksi, k 0 = 600 ksi and q = 2.
The Arabic numbers of 1–14 appearing in Fig. 14(a) remark the turning point of the strain history. The
corresponding stress–strain points are marked also in Fig. 14(b), which includes six hysteretical loops
between 1–2, 3–4, 5–6, 7–8, 10–11 and 12–13. The ﬁrst four loops and loop 10–11 are geometrically similar,
and our simulations are closed to them; however, in the simulation of loop 12–13 our result is not so good.
For this experiment, Tseng and Lee (1983) have given a rather good simulation based on the two-surface
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Fig. 14. The simulation of grade 60 steel under a random axial cyclic strain.
C.-S. Liu / International Journal of Solids and Structures 43 (2006) 222–253 247theory with stress-rate direction to ﬁnd an imagined point on the memory surface. The basic idea of our
model is very diﬀerent from the two-surface theory. In our modiﬁed model the limiting surface is a natural
result of the model, without giving an extra design of its motion. This point is diﬀerent from the two-surface
theory of Tseng and Lee (1983), which requires to give an evolutional law of the memory surface.
The experimental study by Kang et al. (2002a,b) indicates that SS304 stainless steel presents an obvious
visco-plasticity, a signiﬁcant kinematic hardening under uniaxial/multiaxial strain cycling, and an apparent
fading memorization for the maximum plastic strain amplitude. The ratcheting behavior of SS304 under an
unsymmetrical uniaxial stress cycling with mean axial stress of 78 MPa and stress amplitude of 248 MPa at
the stress rate of 50 MPa/s was tested by Kang et al. (2002b), the stress–strain curve of which is shown in
Fig. 15(a) with the dashed line. In our simulation by the new model the parameters used were
G = 72,180 MPa, s0y ¼ 340 MPa, k 0 = 2100 MPa, q1 = 1.055, q2 = 2 and k = 80. The latter three parame-
ters are used in the smoothing factor deﬁned by Eq. (26) to gradually decrease the ratcheting rate of strain.
For the axial-torsional ratcheting (Kang et al., 2002b) as shown in the right-hand side of Fig. 15(b), the
loading condition is a constant shear stress of 78 MPa combined with an unsymmetrical axial stress cycling
as that used in Fig. 15(a). Our simulated result is placed in the left-hand side of Fig. 15(b). The ratcheting
directions of both experiment and simulation are coincident; however, the simulated axial-strain amplitude
is far less than that of the experimental result. This may be due to the stress rate eﬀect which we do not take
into account in the new model.
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In this paper we have proposed a simple modiﬁcation of perfectly elastoplastic model by introducing a
smoothing factor q to shorten the switch-on time. The main idea is to replace the yield surface by a new
yield volume through the speciﬁcation of a piecewise constant shear yield strength with smy < s
0
y ; hence,
the plasticity is permitted in a non-zero-measure volume in stress space. In doing so, the mathematical
equations which govern the evolution of plasticity are unchanged, but the initial stresses for plastic phase
are relaxed by subjecting to
ﬃﬃﬃ
2
p
s0y > kskP
ﬃﬃﬃ
2
p
smy , not by ksk ¼
ﬃﬃﬃ
2
p
s0y of the original model, which gives us a
degree of freedom to smooth the stress–strain curves.
Moreover, we have converted the non-linear constitutive equations for the new model into a linear sys-
tem for the augmented stress X in the Minkowski space, on which the proper orthochronous Lorentz group
C.-S. Liu / International Journal of Solids and Structures 43 (2006) 222–253 249SOo(5,1) left acts. The augmented stress is a time-like vector moving on hyperboloids inside the cone, which
naturally bestows the new model a speciﬁc strain-hardening rule as given by Eq. (45).
Numerical tests were conducted by subjecting the new model to diﬀerent loadings and cyclic loadings.
Many important eﬀects and properties regarding the cyclically elastic–plastic behavior were observed.
The major cyclic behaviors of materials been able simulated include: smoothing yielding, strain hardening,
the Bauschinger eﬀect, cyclic hardening, erasure of memory, mean-stress relaxation, strain ratcheting, as
well as out-of-phase hardening. In particular, the existence of equilibrium stress point and limiting surface
and the property of erasure-of-memory for the new model have important implications for both the ana-
lytical and experimental studies of cyclically stabilized behavior of materials. If further allow the smoothing
factor to be a scalar function of k, it is more good to simulate the saturation of ratcheting strain. Compar-
isons made with the experimental results of SAE 4340, grade 60 and SS304 steels show that the new model
when combining with an appropriate kinematic hardening rule meets certain degree the ﬁve requirements
that have been proposed by Dafalias (1984) to simulate the cyclic behavior; more signiﬁcantly, the material
parameters used in these simulations are parsimonious.Acknowledgement
The ﬁnancial support provided by the National Science Council of Taiwan under the Grant NSC 91-
2212-E-019-003 is gratefully acknowledged.Appendix A
In this section, we prove the following results for the new model.
If 1 < q 6 2, then under the strain path (5) the switch-on time of the new model is given by Eq. (15).
For the strain path given by Eq. (5) and an admissible initial stress s(toﬀ) speciﬁed at time t = toﬀ, divid-
ing Eq. (6) by q and by the stressing speed 2Gkck we obtain the time elapsed ton  toﬀ as shown in Eq. (15).
In view of Fig. 2 and from Eq. (6) we havesðtonÞ  c ¼ ksðtonÞkkckﬃﬃﬃ
2
p
qsmy
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2ðs0yÞ2  ksðtoffÞk2sin2h
q
þ ðq 1ÞksðtoffÞk cos h
 
> 0 ðA:1Þunder the condition 1 < q 6 2. The above inequality asserts that such ton is a switch-on time.
The above results show that for a rectilinear strain path once yielding occurs the new model responds
always in the plastic phase up to the termination of the input. The speciﬁcation of smy to be a new shear
yield strength is equivalent to shorten the original switching-on time given by Eq. (7) to that given by
Eq. (15). The smoothing factor q cannot be larger than two because it may violate the inequality (A.1)
under some initial conditions; for example, h = p, ksðtoffÞk ¼ s0y and q = 3 would make s(ton) Æc < 0.
The modiﬁed shear yield strength smy in the new model satisﬁes the following inequality:smy < s
0
y . ðA:2ÞReferring to Fig. 2 we have2ðs0yÞ2 ¼ ½ksðtoffÞk sinðp hÞ2 þ kDsk  ksðtoffÞk sinðp hÞ½ 2. ðA:3ÞComparing with Eq. (15) for smy it is obvious that the inequality (A.2) holds.
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In this section, we derive a closed-form strain formula for the Prager model under stress control with
stress rate constant.
From Eqs. (54) and (56) it follows thateðtÞ ¼ eðtonÞ þ Gþ k
0
2Gk0
½sðtÞ  sðtonÞ þ 1
2k0
½saðtonÞ  saðtÞ; ðB:1Þwhere the relative stress is governed by_sa þ k
0 _k
s0y
sa ¼ _s ðB:2Þin which the plastic multiplier _k is subjected to_k ¼ 1
2k0s0y
sa  _s > 0 if
ﬃﬃﬃ
2
p
s0y > ksakP
ﬃﬃﬃ
2
p
smy and sa  _s > 0; ðB:3Þ
_k ¼ 0 if ksak <
ﬃﬃﬃ
2
p
smy or sa  _s 6 0. ðB:4ÞUpon deﬁning the integrating factorY 0 :¼ exp k
0k
s0y
 !
; ðB:5ÞEq. (B.2), under the stress path ofsðtÞ ¼ sðtiÞ þ Cðt  tiÞ ðB:6Þ
with C a constant second-order deviatoric tensor, becomesd
dt
ðY 0saÞ ¼ Y 0C. ðB:7ÞThe solution issaðtÞ ¼ Y
0ðtonÞ
Y 0ðtÞ saðtonÞ þ
Z t
ton
Y 0ðnÞ
Y 0ðtÞ dnC. ðB:8ÞFrom Eqs. (B.5), (B.3), (B.6) and (B.8) we have_Y
0ðtÞ ¼ Y
0ðtonÞ
2ðs0yÞ2
saðtonÞ  Cþ kCk
2
2ðs0yÞ2
Z t
ton
Y 0ðnÞdn. ðB:9ÞA further diﬀerential leads to€Y
0ðtÞ ¼ kCk
2
2ðs0yÞ2
Y 0ðtÞ; ðB:10Þwhose initial conditions are Y 0(ton) and _Y
0ðtonÞ ¼ Y 0ðtonÞsaðtonÞ  C=ð
ﬃﬃﬃ
2
p
s0yÞ2, and the solution of Eq. (B.10)
isY 0ðtÞ ¼ Y 0ðtonÞ½C1emðttonÞ þ C2emðttonÞ; ðB:11Þ
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2
p
s0y
; C1 :¼ 1
2
1þ saðtonÞ  C
mðs0yÞ2
" #
; C2 :¼ 1
2
1 saðtonÞ  C
mðs0yÞ2
" #
. ðB:12ÞSubstituting Eq. (B.11) into Eq. (B.8) and integrating give a closed-form stress formula:saðtÞ ¼ saðtonÞ þ fC1½e
mðttonÞ  1 þ C2½1 emðttonÞgC
C1emðttonÞ þ C2emðttonÞ ; ðB:13ÞwhereC :¼
ﬃﬃﬃ
2
p
s0yC
kCk . ðB:14ÞInserting Eq. (B.13) into Eq. (B.1) we can calculate e.References
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